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Question 1:

(1) The characteristic equation is 7> + 87 — 9 = O i.e. (r + 9)(r — 1) = 0, which has two roots
r. = =9, r» = 1. Hence, the general solution is y = C,e™ + C,e', where C; and C, are

constants.

(2) The characteristic equation is 7> + 4r + 4 = O i.e. (r + 2)> = 0, which has two same roots

r. = r, = —2. Hence, the general solution is y = (C; + C,t)e %, where C; and C, are
constants.
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(3) The characteristic equation is r~ + 5r + 8 = 0, which has two imagine roots r; = ) + 71,
5 7. . _s . 7 7
r, = —= — —I. Hence, the general solution is y = ¢72/(C, sm(Tt) +C, cos(Tt)), where

C, and C, are constants.
Question 2:

(1) For the second order O.D.E y” + p(¢)y’ + g(¢t)y = 0, suppose the O.D.E has two linearly
independent solutions y; and y,, by the definition of Wronskian, we have W(y;,y2) = y1y, —
y2y;, we differentiate on the both sides and use the proposition that y;, y, are the solutions
of the O.D.E, we get

W'(t) = yi1yy —y2y) = —p(OW (@),

we solve this separable O.D.E(note that W(¢) is nonzero because the former O.D.E is second

order), we get W(r) = e P, Hence, if the Wronskian is constant, then we must have
p) =0.

(2) By direct calculation, we have

W(fg. fh) = fe(fhy — fh(fg)
= fe(f'h+ fH) = fh(f'g + fg')
= fA(gh’ — hg)
= f*W(g. h).
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Question 3:
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Form 2.1, we know that the Wronskian satisfies an O.D.E, W/(x) = p(x)W(x), and we

also deduce the formula that W(x) = eI P, Hence, in the question, p(x) = —, we get
x

W(x) = C/x, where C is a nonzero constant.
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Similarly, in the equation, we have p(x) = 2—xl, hence we deduce that W(x) = C/(x*-1),
x —
where C is a nonzero constant.

Question 4:
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We consider the general case, if the second order O.D.E a(#)y” + b(¢)y’ +y = 0 has a known
sol y;. We assume y, = v(f)y; is another independent sol, we differentiate y, twice and
substitute into the equation, we deduce that

a@®V’y1 + VY1 + 6@V y1 + v(a@®)yy + b(t)y] + y1) = 0,
now since y; is a sol, we deduce finally that v satisfies the O.D.E:
aO)V'yy +Vy 1+ by, = 0.

In question (1), we have
PV -2+ 30! =0,

re. v +v' =0.Let w =V and w satisfies tw’ + w = 0. We solve this equation and deduce
w = ;, where c is a constant. Hence, v = cInt + k, where ¢ and k are constants. Finally,
y, = ct 'Int + kt™!, since the second part is a multiple of y; and can be dropped, but the
first provides a new sol y» = t"'Int. One can check that the Wronskian of y; and y, is

W(y1,y2) =t >0. Soy, =t ! Intis a new independent sol.

Form 4.1, we have in this equation, v satisfies the O.D.E:
(x—=D’e +2ve*] —xv'e* =0,

ie. (x— 1" + (x -2 = 0. We solve this differential equation and deduce that v(x) =
cxe ™ + k, where c and k are constants. Finally, y, = cx + ke*, we drop the second term and
choose y, = x. One can check that the Wroskian of y; and y, is W(y;,y2) = (x — 1)e* > 0.

Question 5:

&)

We have already know:
the sol of inhomogeneous equation=the general sol of homogeneous equation+ a particular
sol of the inhomogeneous equation.

In this question, the corresponding homogeneous equation is y” + 3y" + 2y = 0, we deduce



2)

the general sol of homogeneous equation is y = Cie™ + C,e™. Now we separate the

inhomogeneous equation into three equations:

V' +3y +2y =€ + 1)sin2t, (2)
vy’ + 3y +2y =3¢ cost, 3)
'+ 3y +2y = 6€. 4)

Now if we find the particular sol of (2), (3), (4), denoted to be yy, y», y3, then y* = y; +y, +y3
is a particular sol of the ordinary equation. Since 1 + 2i, —1 + i, 1 are not the roots of the

characteristic equation of ordinary equation, we assume

*

y* = e[sin 2t(axt* + ayt + ag) + cos 2t(bot* + byt + by)] + e (co sint + dycost) + foe',

1
we differentiate twice and substitute into the ordinary equation, finally to get a, = 5
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= —, :——’b :——’b :—’b———’ :——’d = -, = —,
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Finally, the sol of inhomogeneous equation is y = Cye™ + C,e~? + y*, where the y* is given

above.

Similarly, the general sol of corresponding homogeneous equation is y = ¢™/(C; sin2f +
C, cos 2t). Now since —1 + 2i is the root of the characteristic equation, —2 + i is not the root

of the characteristic equation, we assume
y* = te”'[(ait + ap) sin 2t + (b1t + by) cos 20)] + e X[(c1t + co) sint + (dit + dy) cos ],

we differentiate twice and substitute into the ordinary equation, we deduce that a; = 3

3 1 1 2 7
.ao =0,b; =0, by : 1—6, c = 3 cy = 2—5, d = -3 dy = o Finally, th.e so.l of
inhomogeneous equation 1s y = y = ¢ '(C; sin 2t + C, cos 2¢) + y*, where the y* is given

above.



